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F. Smarandache defines [1] a numerical function 
S N” — N .SCn2 is the smallest integer m such that 
mi ts dturistdle by n. Using certain results on 
standardised structures, three kinds of Smarandache 
functions are defined and are etablished some 


compatrbilrity relations between these functions. 


1.Standardising functions.Let X be a nonmvoid set, r c XxX an 
equivalence relation, X the corresponding quotient sət and CI, a 


totally ordered set. 


1.1 Definition.If g : x —- I is an arbitrarely injective function, 
then f : X —— I defined by fx = g620 is a standardising function. 
In this case the set X is said to be ([r,CI,£)3,f1] standardised. 

If an and r, are two equivalence relations on X,then r = Pi ra is 
defined as xr y if and only if x roy and x eS y. Of course r is 
an equivalence relation. 


In the following theorem we consider functions having the same 





monetonicity. The functions fi : X —» I , i =a4,s are of the 


same monotonicity if for every x,y from X it results 


f CxO < f Cy? if and only if f C2 <í so? for k,j = 1,s 
J 


1.2 Theorem [rf the standardising functions f +: X —» I 


corresponding to the equivalence relations r, i = 1,8, are of 
L 
the some monotonicity then f = max € f } is a standardising 
t 9 
function corresponding to r = I GS, having the same 
Y L 


monotonicity as f. 
i5 





Proof. We give the procf of theorem in case s = 2 .Let x , x 
"4 "2 
x be the equivalence clases of x carresponding to Ca a and to 
T 
PEOP A Ta respectively and X $ X , X the quotient sets on X. 
Fi Fa r 
We have fcx) =gCx ) and f Cx) = gfx D ,where 
1 t r z zr 
1 2 
Jj : X. ——— I , i=1,2 are injective functions. The function 
g: X >I defined by gx >= maxtg Cx Suge x J} is injective. 
ae Pa 
’ 74 -2 -1 we 
Indeed , if x # X and maxt€g Cx 2,g_ Cx 2? = 
r r 1 r z r 
1 z 
= maxtg Cx),g (x99) ,»then be cause of the injectivity of g, 
1 "2 
and J3 we have for example maxtg Cx ),g Cx* I> = 
1 2 
= g Cx?) = gtx?) = cg Cx D,g_ Cx? 2) and we obtai 
= g Ex = gee = max ftg Cx 2, g Cx obtain a 
1 z 1 z 
: 2 -z -1 1 
comtradiction because rex? = gx 2 < go, > = fox) 
1 1 
t “4 -z z 
f cx) = g Cx 39 < g. Cx 3 =f Cx D „that is 
2 2 r z p 2 
1 z 
fi and fa are not of the same monotonicity From the injec- 


tivity of g it results that f:X ——I defined by fCxD= gex 


is a standardising function.In addition we have FCX LECL D ew 
gc x* 2 <s gt x7) =» maxtg Cx* 2,9g cx* D9 < maxtg Cx” 2,g Cx? Dre 
r i r 1 Fe aS 1 2o or 


oe maxtf Cx'd,£ Cx fs maxtf Cx"), f Cx")? - f Cx'2 Sf Cx") and 


PEPE x5 because fa and f are of the same monotonicity. 


Let us supose now that + and , are two algebraic lows 
on X and I respectively. 
1.3. Definition. The standardising function f:X — +I is said 
to se <= -compatibile with ņ and + if for every x.y in 
X the triplet CEC, fC yd, fCx yy) satisfies the condition tf. In 
this casa it is said that the function f EZ -standardise the struc- 
trure CX, in the structure CI,<, D. 
For example,if f is the Smarandache function S: N” — N C SC ro 
is the smallest integer such that CSCnd>! is divisible by n) then 
we get the following LU-stadardisations: 
ad S 2 standardise En 25 in CIN", <, +) because we have 

ze: SC a. bd SSC ad +SC bd 

b3 but S verifie aree the relation 


233 max€ SC a? ,SCbd3<5SCa.bd*SSC ad. SCbd 


so S ZŁ -standardise the structure CN”, in CN”, <,.2 


2. Smarandache functions of first kind.. The Smarandache 
function S is defined by means of the following 

functions So ; for every prime number p lət Son" N” having 
the property that lt is divisible by p` and is the 
smallest positive integer with this property. Using the notion of 
standardising functions in this section we give some generalisa- 


sion of ae 


2.1.Definition.For every née N” the relation ric N"x N” is defi- 
ned as follows: id if n= uCust or uap number prime,ieN”) and 
a,be N” then a rib if and only if it exists ke N” such 
that k! = M T k! =M A and k is the smallest positive 


integer with this property. 


uD if n= p Pre p , then 
1 2 a 
coer Ar A Ar 
n “> ae 
P 1 P Pe 
2.2. Definition. For each ne N* the Smarandache function of 


- 
first kind is the numerical function S$ . N” — N defined as follows 
n 


iD if n = uCuzt or u=p number primed then S Cad) =k, k being 
n 
the smallest positive integer with the property that k! = M ae 
(5 t t 
f 1 2 3 
2 f = : ‘ seals ; t = 
Lt i n Ps P3 Ps hen Soa) (i E 


2 
Let us observe that 


ad the functions S are standardising functions corresponding 
n 


to the equivalence relations oe and for n=1 we get x = N 
r 
- 1 


for every xe N” and Sems 1 for every n. 
b) if n=p then S, is the function a defined by Smarandache. 
cd) the functions S, are increasing and so,are of the same mono- 
tonicity in the sense given in the above section. 
2. 3. Theorem. The functions S ,for ne N”, i "standardise CIN”, +) in 
CIN", <, +) by = max€S Cad,S_Cbd>S5S Ca+b)<S Cad+S Cbd for 
1 n n n n n 
2 i * f r 
every a,b eùN and z standardise C WN ,+) in CW ,<,.) by 
2 3 max€S Cad,S Cb)? S$ S Ca+b) < S Cad.S Cb) ,for every a,b €e nN” 
2 n n n n n 


: i t : * 
Proof.Let, for instance, p be a prime number ,n=p ,i e N and 


aS Car b"= S Cb) ,k= S ath) .Then by the definition of S 
t 


n 
P P P 
CDefinition 2.2.) the numbers a,b ,k ara the smallest posi- 
i t 4 + 
tive integers such that a" !=Mp*?, b= pt? and k! =Mp*S BA. 
La ib = * » œ 
Because k!=Mp aMp we get a Sk and b< k ,SO maxta ,b 2 k 


That is the first inequalities in Z and Z holds. 


Now, Ca +b D! = APES GID a ‘Ca h b y sM be Morar gna 


so k< a+b which implies that Z is valide. 


& t t 
If n = p` P eaa ee P , from the first case we have 


1 


Mm 


max{S (a),S | (b)} £$ s (a+b) $ S, (a) + 8 , (b),j=178 
P3 pi Pi Pi Pi 
l J J J J 


in consequence 
max{maxs (a),maxS . (b)}*S max{S . (atb)} < max{3 (a)} + 
J . J v. J t. t 

Pi p j Pj Pi 

J J j 
max{ S (b)} ,j=1,s . That is 

J p i 
max{S_(a),3.(b)} 5 S (a+b)< s (a) + s (b) 

For the proof of the second part in Z let us notice that 
(a+b)! < (ab)! «e a+b < ab e= a>.1 and b> 1 and that 
ours inequality is satisfied for n=1 because 8 (a+b)=8S, (a)= 
= Ss, (b) = 1. 


Let now n>1.It results that for a= s (a) we have a'> 1. Indeed, 
i i i 
1 


if n=p° p? p. then a= 1 if and only if s (a)= 


A 2 oe « $ 


= max {S (a)} = 1 which implies that p =p =. . . =p=1, 
] 


so n=1.It results that for every n>1 we have s (a)= a> and 


* * = v = 
$(b)= b > 1.Then (a+b)! < (a .b)! we obtain 


S (a+b) = s (a) + s (b)s s, (a).S_(b) from n > 1. 


3. Smarandache functions of the second kind. For every n e WN",let 
S, by the Smarandache function of the first kind defined above. 
3.1. Definition. The Smarandache functions of the second kind are 
the functions s“ : N” —> N" defined by s*(n)=s (k),for k eN” 
We observe that for k=1 the function 3° is the Smarandache 


function S defined in [{1],with the modify 8(1)= 1.Indeed for. 


= = t = 
r1 S (n) = S (1) = aie ead = max{S, j )} S(n). 
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3.2. Theorem. The Smarandache functions of the second kind z j-stan- 


dardise (N",.) in (N” <,+) by 
k k k k 
Z: max{8 (a),3 (b)} © S (a.b) © S (a) + s‘(b),for every a,b €e NÀ 
* + 
and = standardise (N ,-) in (N ,S,-) by 
k k k k k * 
Z: max{S (a),S (b)} < S (a.b) < S (a).S (b) for every a,beN 
Proof.The equivalence relation corresponding to s“ is r“, defined 
by arb if and only if there exists ae N“ such that a t=Ma‘, 
a i= Mb“ and a is the smallest integer with this property. 
That is,the functions s“ are standardising functions attached to 
the equivalence relations r“. 
This functions are not of the some monotonicity because,for exam- 
ple, s’(a) < Ss’ (b) e s(a”) £ S(b’) and from these inequalities 
3° (a) <í s* (b) does not result. 
Now for every a,b e N” let s‘(a) = a ,S*(b) =b ,8“(a.b)= s8. 
Then a /b ,8 are respectively these smallest positive integers 
k 


2 ~- x k.k k 
such that a ! = Ma , b ! = Mb ,s! = M(ab ) and so s8! =Ma = 


=Mb“, that is, a's s and b's s,which implies that max{a ,b }<s 


or max { 8*(a),3°(b)} < 3 (a.b) (3.1) 


i = # * * k.k 
Because of the fact that (a+b)! = M(a!t b!)= M(ab),it re- 
* = 
sults that 8s <atb , go 


s“ (a.b) < s" (a) + 3" (b) (3.2) 
From (3.1) and (3.2) it results that 
max{8*(a),8"(b)} < 3“ (a) + 8*(b) (3.3) 


Which is the relation Z 
From (ab)! = M(a !.b !}) it results that 3“({a.b) < s(a).s*(b) 


and thus the relation Li 
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4. The Smarandache functions of the third kind. 


We considere two arbitrary sequances (a) 1=a,,a,,. Fame rer eer 


(b) 1=b b. . .,b., 


n 


with the properties that a= a-a, b= b, .b .Obviously, there are 


infinitely many such sequences;because chosing an arbitrary value 
for als the next terms in the net can be easily determined by the 
imposed condition. 
D> te T b 
Let now the function f 0N —> N defined by f (na) = s (b), 


S, is the Smarandache function of the first kind.Then it is ea- 


A 
sily to see that 


(i) for a= 1 and b = n,n e N” it results that f° 


n 


it 
n 


b 1 
a 


(ii) for a= nad b=i1,ne N” it results that f 


u 
U 


4.1.Definition. The Smarandache functions of the third kind are the 
functions 8. = E in the case that the sequances (a) and (b) 
are different from those concerned in the situation (i) and (ii) 
from above. 
4.2.Theorem. The functions f° z -standardise (N*,.) in 
(N”,<,+,.) by ; 

b b b b b 
X: max {£ (k), £ (n)} = f (k.n) s b -f (k) + bh f£ (n) 


3 


k, f2(n) =s, (b) =n" and £°(kn)= 


n 


Proof .Let £? (k) = 8, (b) 
k 


=S, (b )= t . Then kn and t are the smallest positive in- 
kn 


z ig Pe bn 
tegers such that k |! =M a, n l= Ma, and ti=M an = 
b. 
= M(a_.a) . Of course, 
max{k n Pes (4.1) 


b b 


* + k * + n 
Now,because (b .n )! = M(n !) , (b.k)! = M(k 1) and 
Py @ -+ * * by * b. 
(bn +b k ji = M[(b_ n )1.(b k )!] = M{(n !) .(k !) ]} = 
b, b, b, b, b, b. 
= M[(a_ ) ; (a, ) . = M[(a .a_) ] it results that 
tsbk+bn' (4.2) 


From (4.1) and (4.2) we obtain 


< * * 
max{k ,n } < t< b k +bn (4.3) 


From (4.3) we get Zs ,80 the Smarandache functions of the 


third kind satisfy 


Zi max{S° (k), S? (n)} = s? (kn) = bs: (k) + b S° (n), for evry k, nen” 


4.3.Example.Let the sequances (a) and (b) defined by a =b =n 
* 

neiN 

The corresponding Smarandache function of the third kind is 


= = 
s? : N — N 5 s? (n) = S, (n) and 25 becomes 


max{S,(k),S (n)} $ S (kn) S ng (k) + kS (n) ,for every k,neN" 


This relation is equivalent with the following relation written 


by meens with the Smarandache function: 


max {8(k*),s(n™)} < s{(kn)™"] < n.s(k*) + k.s(n") 
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